We investigate the property of the high-density nuclear matter probed by the nucleus-nucleus elastic scattering in the framework of the double-folding (DF) model with the complex G-matrix interaction. The medium effect including three-body-force (TBF) effect is investigated with present two methods based on the frozen density approximation (FDA). The medium effect is clearly seen on the potential and the elastic cross section for the 16 O + 16 O system at E/A = 70 MeV. The crucial role of the medium effect is also confirmed with other effective nucleon-nucleon (N N ) interactions. In addition, the present methods are applied to other heavy-ion elastic scattering systems. Again, the medium effect is clearly seen in the heavy-ion elastic cross section. The medium effect on the elastic cross section becomes invisible with the increase of the target mass and the incident energy (up to E/A = 200 MeV). However, the medium effect is again important to fix the heavy-ion scattering over E/A = 200 MeV. Finally, we make clear the crucial role of the TBF effect up to k F = 1.6 fm −1 in the nucleus-nucleus elastic scattering.
I. INTRODUCTION
The study of the medium effect through the nuclear structure and reaction gives the understanding of the property of the neutron star. Many nuclear structure and reaction models are based on the nucleon-nucleon (NN) interaction to study the medium effect. It is useful to investigate the colliding two nuclei on the earth in order to obtain the information of the medium effect in the high density region exceeding the normal density. The elastic scattering has been investigated with the double-folding (DF) model based on the frozen density approximation (FDA) to understand the nuclear saturation property [1, 2] .
The DF model has been successful to describe the nucleus-nucleus reactions from the microscopic view point [3] . The M3Y interaction which has no density dependence is used in the DF model at the first stage. The M3Y folding model well reproduces a lot of reaction data in the most surface regions. The effective NN interaction is developed so as to include the medium effect expressed by the density dependence [1, 2] . The density dependence is first introduced by the phenomenological way to reproduce the nucleus-nucleus elastic scattering. After that, the density-dependence is improved by reproducing not only the nucleus-nucleus elastic scattering but also nuclear saturation property [2] . However, such density dependent and independent effective NN interactions, which are based on the M3Y interaction, have only the real part. Therefore, the imaginary part of the reaction potential should be constructed by the phenomenological way in the nuclear reaction analysis.
In order to solve the problem, the complex G-matrix interaction is applied to the DF model [4] . The complex nucleus-nucleus potential is obtained not only by folding the real part only our model, but also several models in the nuclear reaction and nuclear matter [10] [11] [12] .
In this paper, we propose a new approach to investigate the property of the high-density nuclear matter in detail. In Refs. [2, 13] , the incompressibility K and the heavy-ion elastic scattering are concerned to probe the nuclear saturation property. However, our motivation is to make sure the TBF effect in the high-density EOS more specifically by analyzing the heavy-ion elastic scattering. Especially, it is important to investigate the nuclear matter property over the normal density through the experimental data on Earth. The present methods to investigate the medium effect over the normal density are first introduced in Ref. [14] . But, the application is shown only for the 16 O + 16 O elastic scattering at E/A = 70
MeV system. Therefore, we apply the present methods to several systems to confirm the reliability of the present methods to probe the medium effect over the normal density in this paper. In addition, we test several density-dependent effective NN interactions whose density-dependence is derived from different situation. Consequently, we confirm that the present methods are a powerful tool to probe the medium effect in the high-density region.
Lastly, we apply the present methods to the high-energy heavy-ion elastic scattering over E/A = 200 MeV.
II. FORMALISM
The nucleus-nucleus potential is constructed from the microscopic view point through the DF model with the complex G-matrix interaction. The microscopic nucleus-nucleus potential can be written as a Hartree-Fock type potential;
where v D and v EX are the direct and exchange parts of complex G-matrix interaction. The exchange part is a nonlocal potential in general. However, by the plane-wave representation for the NN relative motion [15, 16] , the exchange part can be approximately localized. The direct and exchange parts of the localized potential are then written in the standard form of the DF potential as
where s = r 2 − r 1 + R, and
where, k(R) is the local momentum for nucleus-nucleus relative motion defined by
where
is the center-of-mass energy, E/A is the incident energy per nucleon, m is the nucleon mass and V Coul. is the Coulomb part of the potential. A 1 and A 2 are the mass numbers of the projectile and target, respectively. The exchange part is calculated self-consistently on the basis of the local energy approximation through Eq. (5).
Here, the Coulomb potential V Coul. is also obtained by folding the NN Coulomb potential with the proton density distributions of the projectile and target nuclei. The density matrix ρ(r, r ′ ) is approximated in the same manner as in [17] ;
where k eff F is the effective Fermi momentum [18] defined by
where we adopt C s = 1/4 following Ref. [19] . The exponential function in Eq. (4) is approximated by the spherical Bessel function of rank 0, j 0 (
), following the standard prescription [20] [21] [22] [23] [24] [25] .
In the present calculations, we employ the FDA for the local density. In the FDA, the density-dependent effective NN interaction is assumed to feel the local density defined as the sum of densities of colliding nuclei evaluated;
The FDA has been widely used also in the standard DF model calculations [1-4, 19, 26, 27] .
In Ref. [4] , it is confirmed that FDA is the best prescription in the case with complex Gmatrix interaction to construct the proper nucleus-nucleus interaction that reproduces the observed scattering data.
Here, we introduce two types of the present methods to investigate the medium effect over the normal density. First, the local density based on the FDA which reflects the medium effect over the normal density to the DF potential. Then, we restrict the medium effect by the following artificial cut of the evaluated local density;
where the ρ cut value is varied as a parameter. We calculate the DF potentials with several k cut values where the relation between k cut and ρ cut is defined by
By changing the k cut value, the medium effect in the high-density region is controlled and investigated in the potential and observable cross section. In this paper, we call this method as "cutting method".
Next, we test the sensitivity of the TBF effect in the high-density region by the following prescription for the complex G-matrix interaction;
where the v (with TBF) and v (w/o TBF) are the complex G-matrix interactions with and without the TBF effect, respectively. In this paper, we apply several effective NN interactions to v (with TBF) and v (w/o TBF). with the CEG07b interaction whose property will be introduced later. In addition, the minor role of the channel coupling effect is found to be simulated by a slight change of the renormalization factor which is an adjustable parameter. And, the detail of the factor will be introduced later. We then apply the equivalent analysis based on the present methods to other scattering systems including 12 C, 28 Si, 40 Ca, 90 Zr, and 208 Pb nuclei.
We adopt the nucleon density of the 16 O nucleus calculated from the internal wave functions generated by the orthogonal condition model (OCM) by Okabe [31] based on the microscopic α + 12 C cluster picture. For the 12 C, 28 Si, and 40 Ca nuclei, we use the nucleon densities deduced from the charge densities [32] extracted from electron-scattering experiments by unfolding the charge form factor of a proton in the standard way [33] . For the 90 Zr and 208 Pb nuclei, we adopt the density-dependent Hartree-Fock (DDHF) calculation by Negele [34] .
A. Medium effect in high-density region
First, we investigate the medium effect for the high-density region with the cutting method. In the previous work [14] , we selected the parameter as k cut = 1.1-1.8 fm −1 in units of 0.1 fm −1 . In this paper, we set the parameter to be k cut = 1.4-1.8 fm −1 in units of 0.05 fm −1 because one of the purpose of this work is to see medium effect in the high-density region over the normal density in detail. Figure 1 shows the real and imaginary parts of the calculated DF potential for the 16 O + 16 O elastic scattering at E/A = 70 MeV. The medium effect is clearly seen in the complex potential, especially in the inner part of the potential. For the inner part, the local density based on the FDA reaches up to twice the normal density by approaching each other nucleus. On the other hand, the complex Gmatrix interaction almost feels small density in the tail region, and then, the effect around the tail part of the potential in the range of k cut = 1.4-1.7 fm −1 gives hardly any difference.
When the local density is restricted by Eq. (9), the complex G-matrix interaction feels the soft medium effect through the density dependence and gives the stronger potential. In the potential, the medium effect is clearly seen up to the Fermi momentum k F = 1.70 fm
(dotted curve). Namely, it is indicated that the medium effect in the high-density region up to k F = 1.70 fm −1 has an important role to construct the DF potential for the
system. By way of caution, we here mention that the local density can not reach over the These results clearly show the importance of the proper evaluation of the medium effect in the high-density region (k F > 1.40 fm −1 ). In other words, the present result implies that the medium effect in the high-density region can be probed rather sensitively through the nucleus-nucleus elastic scattering experiments at backward angles.
In addition, we calculate the total reaction cross section with the DF potentials shown in Table I . The total reaction cross section almost has no sensitivity of the medium effect in the high-density region. Namely, it is difficult to discuss the detail of the medium effect over the normal density on the total reaction cross section. In the previous section, the medium effect in the high-density region is clearly seen in the potential and elastic cross section. However, the medium effect uncovered by cutting method includes both of the contributions obtained by the G-matrix calculation and the TBF effect. Then, we focus on the role of the TBF effect in the high-density region with the replacement method. We again mention that we selected the parameter as k rep. = 1.1-1.8 fm −1 in units of 0.1 fm −1 in the previous work [14] . In this paper, we set the parameter to be k rep. = 1.4-1.8 fm −1 in units of 0.05 fm −1 . Figure 3 shows the real and imaginary parts of the calculated DF potential for the 16 O + 16 O elastic scattering at E/A = 70 MeV. The TBF effect is clearly seen for the complex potential, especially for the inner part of the potential.
In the potential, the TBF effect is clearly seen over k F = 1.70 fm −1 . Especially, the TBF effect over k F = 1.65 fm −1 is remarkable for the inner part of the potential, because the effect of the three-body repulsive force is known to be important in the high-density region.
This result indicates the importance of the TBF effect in the high-density region. When the k rep. value becomes small, the obtained DF potential closes to the DF potential with the ESC interaction (w/o the TBF effect). This implies that the TBF effect up to normal density is petty for the inner part of the DF potential. Figure 4 shows the results calculated with the DF potentials shown in Fig. 3 . The TBF effect is clearly seen up to k F = 1.65 fm −1 in the elastic cross section while the TBF effect over k F = 1.70 fm −1 is seen in the DF potential. The important role of the TBF effect in the high-density region is confirmed in the nucleus-nucleus elastic cross section. This result again implies that the nucleus-nucleus elastic scattering can sensitively probe the important role of the TBF effect in the high-density region over k F = 1.60 fm −1 . Next, we also calculate the total reaction cross section with the DF potentials shown in Table II . The total reaction cross section has no sensitivity of the TBF effect in the high-density region. Namely, it is difficult to discuss the detail of the TBF effect in the high-density region for the total reaction cross section.
Here, we notice that the calculated total reaction cross section is decreased by reducing the k rep. parameter nevertheless the real and imaginary potentials become attractive. But, this trend is not strange because the calculated total reaction cross section with the ESC interaction (w/o the TBF effect) is 1412 mb. This value obtained by the ESC interaction is smaller than that by the MPa interaction. Namely, the repulsive effect by the MPP and the phenomenological TBA effect in the MPa interaction give the slight increase of the total reaction cross section at this system.
Here, we introduce the distinction of the medium effect obtained by the complex G-matrix calculation and the TBF effect with both of the cutting and replacement methods. When the cutting method is applied to the ESC interaction (w/o the TBF effect), the medium effect obtained by the G-matrix calculation is extracted. Next, the TBF effect included in the MPa interaction becomes clear with the replacement method. Figure 5 shows the result of distinction of the medium effects obtained by the G-matrix calculation and the TBF effect.
The bold (blue) curves are calculated by the cutting method with the ESC interaction (w/o the TBF effect). The thin (black) curves are calculated by the replacement method based on the MPa interaction (with the TBF effect). It is imperfect only by introducing the medium effect obtained by the G-matrix calculation to reproduce the data up to backward angles (bold (blue) solid curves). By introducing the TBF effect, the calculated cross section around backward angles comes down and reproduces the data (thin (black) curves). Namely, the TBF effect in the high-density region has a crucial role to reproduce the data up to the backward angles.
C. Interaction dependence
In the previous section, the MPa interaction is used to test the present methods. We investigate the interaction dependence in this section. We test three types of the complex G-matrix interactions, MPb, MPc [8] , and CEG07b [4] and one type of the effective density- for all nucleon pairs in nuclear matter, while DF potentials are by G-matrices between a positive-energy nucleon and other nucleons. There is no direct connection between the saturation curve and the DF potential, being calculated independently. Then, there still remain ambiguities in the TBF part for saturation properties, even if they are chosen so as to give reasonable DF potentials. This imply that the correct reproduction of the saturation property becomes the precondition for finding some linkage between the heavy-ion elastic scattering and the incompressibility. In this concern, the incompressibility obtained with the CDM3Y6 interaction is obtained as 252 MeV at ρ 0 = 0.17 fm −3 [13] . Here, we introduce the renormalization factor in the case with the complex G-matrix interaction as follows;
where V and W mean the real and imaginary parts of the DF potential, respectively. Namely, the renormalization factor is a parameter to change the imaginary strength. On the other hand, the CDM3Y6 interaction has no imaginary part. Then, we assume the imaginary part as follows;
where, V is the real part of the DF potential with the CDM3Y6 interaction. Namely, the real and imaginary parts of the potential are assumed to have the same form in the case with the CDM3Y6 interaction. [8] . On the other hand, the TBF effect of the CEG07b interaction is obtained by changing the vector meson mass, and the attractive TBF effect is described by the Fujita-Miyazawa diagram [4] . Namely, the modeling of the TBF is completely different.
Nevertheless, the behaviors of the medium effect in the high-density region are similar to each other while the renormalization factor is introduced. In addition, the medium effect by the phenomenological density-dependent effective NN interaction (CDM3Y6) also gives similar result but the data is not reproduced up to backward angles when we assume the strength and form of the complex potential as Eq. (14).
Next, we test the replacement method based on the MPb, MPc, and CEG07b interactions.
The results are shown in Fig. 7 . The TBF effect is clearly seen on the elastic cross section over k F = 1.6 fm Fig. 5 .
We test the present replacement method based on the MPa interaction and the cutting method with the ESC interaction for the incident 16 O nucleus at E/A = 93.9 MeV to investigate the target mass dependence. The results are shown in Fig. 8 . The medium effects obtained by the G-matrix calculation and the TBF effect are clearly seen in the backward angles but the target mass and incident energy are changed. When the target mass becomes larger and larger, it seems that the medium effects obtained by the G-matrix calculation and the TBF effect in the high-density region becomes small. Because it is considered that the imaginary part of the DF potential also becomes large with increasing the target mass. In addition, the Coulomb potential strength increases by changing the target nucleus. It is difficult to investigate the inner part of the potential in detail by the increase of the imaginary and Coulomb potentials. This result implies that the present method prefers the small system to large one.
E. Incident energy dependence
Next, we focus on the energy dependence. Figure 9 shows the results of the replacement method based on the MPa interaction and the cutting method with the ESC interaction for the 12 C + 12 C system at E/A = 84.7-200 MeV. When the incident energy becomes larger and larger, it is difficult to distinguish the medium effect in the high-density region. The effect by the replacement method at the high-incident energy slightly remains around the most backward angles. However, the experimental data does not exist around the most backward angles. There are two reasons for this minor medium effect in the high-density region around E/A = 200 MeV. First, the imaginary part of the DF potential in the highenergy region is larger than that in the low-energy region. Second, it is predicted that the real part of the folding potential around E/A = 200-300 MeV close to be 0, while with the CEG07b interaction [43] . This implies that the real part of the potential has small effect on the elastic scattering in this energy range. Therefore, the medium effect in the high-density region is not clearly seen in the elastic cross section at E/A = 200 MeV. Here, we should note that the medium effect is clearly seen in the elastic cross section when we set the k cut or k rep. values to be below 1.4 fm −1 . Because the purpose in this paper is to investigate the medium effect over the normal density, the k cut or k rep. values are selected over 1.4 fm −1 .
In addition, we noted that the real potential is close to 0 when the incident energy per nucleon increases. However, it is expected that the real part of the DF potential again has an influence to the elastic scattering reaction if we select the incident energy higher than the 200 MeV. Then, we test the medium effect in the high-density region for the 12 C + 12 C system up to E/A = 400 MeV. We apply the DF potentials shown in Fig. 10 to the high-energy heavy-ion elastic scattering. Figure 11 shows the result for the 12 C + 12 C system at E/A = 300 and 400 MeV.
By the replacement method, the TBF effect in the high-density region is clearly seen on the high-energy scatterings. At E/A = 300 MeV, the effect of the shift of the k rep. value is not smooth because the folded real potential around R = 3 fm shows the transition from repulsion to attraction. The effect of the cutting method described by the bold (blue) curves is not shown on the elastic cross section. Because the real part of the potential at 300 MeV is too weak to affect on the elastic cross section as well as the imaginary strength is large enough even without the cutting method. At E/A = 400 MeV, the folded real potential is sufficiently repulsive. Then, the effect of the inner part of the real potential well appears in the elastic cross section. By the cutting method, the calculated elastic cross sections at 400
MeV show the change as the reverse of the effect by the replacement method. This change is caused by the transition from repulsion to attraction as shown in Fig. 10 . Finally, the cutting and replace methods are the reliable tool to investigate the medium effect over the normal density even for the high-energy heavy-ion elastic scattering. However, we need the careful treatment because the transition from repulsion to attraction of the real part of the optical potential is shown in the high-energy elastic scattering.
IV. SUMMARY AND REMARKS
In summary, we have constructed the DF potential with the complex G-matrix interaction including the TBF effect based on the MPP model. The medium effect in the high-density region have been investigated with two methods which are called as "cutting method" and "replacement method". With both methods, the
MeV is investigated. The medium effect including the TBF effect in the region over the normal density is clearly seen in the potential and the elastic scattering cross section. In addition, we made clear that the TBF effect up to k F = 1.6 fm −1 has a critical role to determine the heavy-ion elastic angular distribution.
In order to confirm our result, the interaction dependence is also investigated. The similar results are obtained with other complex G-matrix interactions, MPb/c and CEG07b. In this paper, we test not only the complex G-matrix interaction but also the phenomenological density-dependent interaction, CDM3Y6. The CDM3Y6 interaction also gives the similar result, and it shows the important role of the medium effect in the high-density region.
Again, we made clear that the TBF effect up to k F = 1.6 fm −1 has a critical role to determine the elastic angular distribution.
In addition, the target mass and the incident energy dependences are investigated. The target mass dependence is investigated for the incident 16 O particle by the 12 C, 28 Si, 40 Ca, 90 Zr, and 208 Pb targets at E/A = 93.9 MeV. When the target mass number becomes larger and larger, the medium effect obtained by both of the G-matrix calculation and the TBF effect becomes invisible. Because the imaginary and Coulomb potentials also become large.
On the other hand, the medium effect in the high-density region is clearly seen for the 12 C + 12 C elastic scattering at various incident energies. However, it becomes difficult to see the medium effect at E/A = 200 MeV on the elastic cross section. In this case, not only the increase of the imaginary strength but also the decrease of the real strength is contributed.
However, the cutting and replacement methods again becomes powerful tool to investigate the medium effect over the normal density when we increase the incident energy over 200
MeV.
Our results imply that the medium effect including the TBF effect in the high-density 
